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We investigate neutral collective excitations in the striped Hall state. In the striped Hall state, the 
magnetic translation and rotation symmetries are spontaneously broken. Using the commutation 
relation between charges and currents corresponding to the broken and unbroken symmetry, the 
existence of the gapless neutral excitation is proved. The spectrum of the neutral collective excitation 
at the half-filled third Landau level is obtained in the single mode approximation. We find the 
periodic line nodes in the spectrum. The spectrum is compared with the particle-hole excitation 
spectrum in the Hartree-Fock approximation. 
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I. INTRODUCTION 

The two-dimensional electron system under a strong 
magnetic field shows astonishing diversity in exjwsjiments 
and theories. The quantized Hall conductance™: Js ob- 
served in the incompressible quantum liquid state.EI Frac- 
tional quantum Hall states (FQHS) have anyonic quasi- 
particles in the excited states.Q Around the half-filled 
lowest Landau level, the composite Fermi liquid statetl 
which has an isotropic Fermi surface is observed. At the 
half-filled second Landau level, on the other hand, pthe 
fractionally quantized Hall conductance is observed;H it 
is suggested that the state has an-,energy gap due to the 
Cooper pairing of the electrons J3'El 

Recently, highly anisotropic states, which have ex- 
tremely anisotropic longitudinal resistances, have been 
observed- around the half-filled third and higher Landau 
levelsJaliJ It is believed that the anisotropic state is the 
striped Hall state which is a unidirectional charge den- 
sity wave in the mean field theoryOEd The anisotropy of 
the resistance is naturally explained by the .anisotropic 
Fermi surface in the magnetic Brillouin zone.tj'E-3 It was 
predicted that fluctuation effects turn the striped JJall 
state into the smectic or nematic liquid crystal Ji3~E3 A 
low energy theory was studied in the coupled Luttipger 
liquid picture using the Hartree-Fock approximation.^!! A 
peculiar response to external modulations was predicted 
in a perturbation theoryE3 and numerical calculations .E3 

In the highly anisotropic states, underlying symmetries 
are spontaneously broken and Nambu-Goldstone (NG) 
modes should appear. It is important to find the property 
of the NG mode. In this paper, we investigate the prop- 
erty of the NG mode in striped Hall states. In the two- 
dimensional system under a uniform magnetic field, the 
system has the magnetic translation and rotation symme- 
try. In the striped Hall state, a magnetic translation in 
one direction is broken to the discrete translation and the 
rotation is also broken to the 7r-rotation, spontaneously. 
We prove the Goldstone theorem for the striped Hall 
state using the commutation relation between charges 
and currents corresponding to the broken and unbroken 



symmetry. The theorem shows that a gapless neutral 
excitation exists and couples with the density operator. 
The spectrum of the neutral collective excitation is ob- 
tained in the single mode approximation numerically at 
the half-filled third Landau level. The spectrum has a 
multiple line node structure and cusps. Furthermore, 
the spectrum has anisotropic feature, that is, in one di- 
rection it resembles the liquid Helium spectrum with the 
phonon and roton minimum, and in another direction it 
resembles the FQHS spectrum. To show the validity of 
the single mode approximation in the present system, we 
compare the spectrum with the particle-hole excitation 
spectrum in the Hartree-Fock approximation. 

The paper is organized as follows. Conserved currents 
in the two-dimensional system under a uniform magnetic 
field are clarified in Sec. II. In Sec. Ill, a mean field the- 
ory for the striped Hall state is presented. Goldstone 
theorem for the striped Hall state is proved in Sec. IV. 
The spectrum for the neutral collective excitation in the 
striped Hall state is obtained in the single mode approx- 
imation and compared with the particle-hole excitation 
spectrum in the Hartree-Fock approximation in Sec. V. 
Summary is given in Sec. VI. 

II. CONSERVED CURRENTS IN A UNIFORM 
MAGNETIC FIELD 

Let us consider the two-dimensional electron system 
in a uniform magnetic field B — d x A y — d y A x . We ig- 
nore the spin degree of freedom and use the natural unit 
(ft = c = 1) in this paper. We introduce two sets of 
coordinates, relative coordinates and guiding center co- 
ordinates. The relative coordinates are defined by 

f = -^(~ id v + eA v)> v = + eA *)- t 2 - 1 ) 

The guiding center coordinates are defined by 

X = x-Z, Y = y- V . (2.2) 

These coordinates satisfy the following commutation re- 
lations, 



1 



[X,Y]=-[£, V ]=i/eB, 
[X,t] = [X,rj\ = \¥,€[ = \Y,n] 



0. 



(2.3) 



The operators X and Y are the generators of the mag- 
netic translations of the one-particle state in — y direction 
and x direction respectively. The angular momentum J 
is written as 



J 



eB 



X 2 - Y 2 ). 



(2.4) 



J is the generator of the rotation of the one-particle state. 

The total Hamiltonian H for the interacting charged 
particles is the sum of the free Hamiltonian H and the 
Coulomb interaction Hamiltonian H mt as follows, 



H = H + H ] 



hit ) 



H a = J dr^(r)^(e + 77 2 )*t( r ), ( 2 . 5 ) 
drdr'# t (r)* t (r')V(r - r / )*(r')*(r), 



where ^ is the electron field operator, lu c — eB/m and 
V(r) = q 2 /r (q 2 = e 2 /4ire, e is the dielectric constant) 
for the Coulomb potential. 

Conserved charges are obtained as the spatial integral 
of the zeroth component of the Noether currents for the 
symmetries. We define the conserved charges, Q, Qx, 
Qy, and Qj for U(l), magnetic translations, and rota- 
tion symmetry respectively, as follows, 

Q = Jf(r)dr, 
Qx = Ij° x (r)dr, Q Y = / j° (r)dr, (2.6) 
Qj = Jj°j(r)dT. 

Noether currents are defined by 

f = Rc(* 

f x = Re(*W*) - ±tf£, (2.7) 

j Y = Re(* Wtf) + J-5£C, 
eB 

fj = Re(*V J*) + eo^C, 

where = (l,v), v = u> c (— r),£), Re means real part, 
and C is the Lagrangian density for the total Hamiltonian 
H. These charges commute with the total Hamiltonian 
H and obey the following commutation relations, 



[Qx,Qy]=^Q, 

[Qj, Qx]= iQy, 
[Qj,Qy} = -iQx- 



(2.8) 



The U(l) charge Q commutes with all conserved charges. 
We assume that Q is not broken and the ground state is 
the eigenstate of Q as Q|0) = N e \0) where N e is a number 
of electrons. It should be noted that these symmetries are 



not broken in the Laughlin state.0 Hence the NG mode 
does not exist. The Laughlin state is the eigenstate of 
Qj and annihilated by Qx + iQy- 

The commutation relations between the conserved 
charges and the current density operators read, 



[Qx,3») = 
[Qx,fx\= 

[Qx,j Y }= 



dyJxi [Qr,j x ] = ^b 9 ^x 



eB 



eB 



The U(l) charge Q commutes with all Noether currents. 
If the expectation value of the right hand side of these 
equation is not zero, corresponding symmetry is sponta- 
neously broken. In the striped Hall state discussed in the 
next section, d x {j^) is not zero and the magnetic trans- 
lation symmetry in x direction is spontaneously broken. 



III. SYMMETRY BREAKING IN THE STRIPED 
HALL STATE 

In this section, we study the self-consistent solution 
for the striped Hall state in the Hartree-Fock approxi- 
mation. The state breaks the translation and rotational 
symmetry spontaneously. 

We use the vonJ^eumann lattice (vNL) base for the 
one-particle stateso A discrete set of coherent states of 
guiding center coordinates, 



{X + iY)\a r , 



ran \ &mn/ ; 



(3.1) 



a{mr s +i — ), m, n; integers, 



is a complete set of the (A", Y) space. These coherent 
states are localized at the position a(mr s ,n/r s ), where a 
positive real number r s is the asymmetric parameter of 
the unit cell. By Fourier transforming these states, we 
obtain the orthonormal basis in the momentum represen- 
tation 

IA>) = E ro „ e^ m +^"|cw)//3(p), (3.2) 
/3(p) = (2Imr) 1 /4 e ^#^ l( £^| r); 

where $i is a Jacobi's theta function and t = ir 2 . The 
two-dimensional lattice momentum p is defined in the 
Brillouin zone (BZ) \pi\ < ir. Next we introduce a com- 
plete set in (£, 77) space, that is the eigenstate of the one- 
particle free Hamiltonian, 



1, 



Y L (e+v 2 )\fi)=u c (i+^)\fi). 



(3.3) 



The Hilbert space is spanned by the direct product of 
these eigenstates 



|i,P> = l/i>®l/U 



(3.4) 
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where I is the Landau level index and I = 0, 1, 2, 
We set a — 1 (eB = 2tt) in the following calculation for 
simplicity. 

Electron field operator is expanded by the vNL base 

as 



*(r) 



E 

1=0 



BZ 



d 2 p 



6i(p)(r|Z,p), 



(3.5) 



where bi is the anti-commuting annihilation operator. 
6;(p) obeys the non-trivial boundary condition, bi(p + 
2ttN) = e^P'^hip), where <t>(p,N) = tt(N x + N y ) - 
N y p x and N = (N x , N y ) are intergers. The Fourier trans- 
form of the density p(k) 



J dre lk r j°(r) is written as 



P(k) 



E 



d 2 p 



xc 



BZ 



6j(p)6i'(p-k)</i|e < *-^ fc v"|^/ 



(3.6) 



where k = (r s k x ,k y /r s ). Conserved charges are written 
in the momentum representation as 

V ' — 



BZ 



tJ^WMp), 



Qx = 



■E 



d 2 P 



lsz (2tt) 

'2 



fet(p)(i 



<9 



2"/ 



27T 



)Mp) 



Qy = 



1 E/ ^(p)^Mp) 

r s V -'bz (2tt) 2 op y 

E 



(3.7) 



d 2 P 
LiZ (2tt) 

d_ 

dp x 



Z7T 



-^)*}]Mp). 

As seen in Eq. ( ^.7| ) , the magnetic translation in the real 
space is equivalent to the magnetic translation in the 
momentum space. The free kinetic energy is quenched 
in a magnetic field and the one-particle spectrum be- 
comes flat. Therefore the free system in a magnetic field 
is translationally invariant in the momentum space. We 
show that there exists the Fermi surface in the mean field 
solution for the striped Hall state. The existence of the 
Fermi surface indicates the violation of the translational 
symmetry in the momentum space or in the real space. 
The mean field state is constructed as 



|0> = JVi II ^(P)|vac) 

pGF.S. 



(3.8) 



where F.S. means Fermi sea, N\ is a normalization con- 
stant, and | vac) is the vacuum state in which the I — 1 
th and lower Landau levels are fully occupied. The mean 
field of the two-point function for the electron field is 
given by 



|^(p)Mp')|O>=<^0(/i-e H F(p)) 



x^(2tt)^( P 

N 



(3.9) 

2 7 rN)e^ (p ' Ar) , 



where /i is a chemical potential and one-particle energy 
ehf(p) is determined-, |Self-consistently in the Hartree- 
Fock approximationJi3t-l We assume that the magnetic 
field B is so strong that Landau level mixing effects can 
be neglected£3 Then we use the Hamiltonian projected 
to the I th Landau level 



ff (0 = PiH int P u 



(3.10) 



where Pi is the projection operator to the I th Landau 
level and N* is a number of electrons occupying the I th 
Landau level. The free kinetic term is quenched and the 
total Hamiltonian is reduced to the Coulomb interaction 
term projected to the I th Landau level, flw. 

It was shown that the mean field state with Fermi sea 
\p y \ < satisfies the self-consistency equation at the 
filling factor v==fa\- (0 < < 1) in the Hartree-Fock 



approximatio: 



and corresponds to the striped Hall 



state whose density is uniform m y direction and periodic 
with a period r s in x direction.li-3 The one-particle energy 
£hf( P ) depends only onp y in this self-consistent solution. 
The Fermi sea and corresponding charge density distri- 
bution in x-y space are sketched in Fig. 1. The period of 
stripe is r s . The electric current flows along each stripes. 
Note that the true charge density and current density dis- 
tribution in the mean field theory are not sharp as shown 
in the figure but fuzzyo As seen in Fig. 1 (b), d x (j°) 
and d x (j v ) are not zero and the magnetic translation 
in x-direction and rotation symmetry are spontaneously 
broken, but a finite magnetic translation in ir-direction 
by the period of stripe r s and tt rotation symmetry are 
preserved. 




(b) 

Fig. 1. (a) Fermi sea for the striped Hall state at the 
half-filling, (b) Schematical charge density distribution 
in x-y space. The arrows indicate the direction of electric 
current. 

Hartree-Fock energy per area for the striped Hall state 
is calculated as 



E BF = (0\H^\0)/L 2 

i r /2 d P: 



(3.11) 



tt/2 



2tt 



e HF(Py), 
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where 1? is an area of the system. £"hf depends on 
the period of the stripe r s and the optimal value of r s 
is determined by minimizing -Bhp- At theJjilling factor 
v = 2 + i, the optimal value is r* = 2.474.H 



IV. GOLDSTONE THEOREM FOR THE 
STRIPED HALL STATE 

In this section, we assume that the magnetic trans- 
lation in x direction and rotation symmetries are bro- 
ken, and the magnetic translation in y direction, finite 
translation in x direction with a period r s and 7r rotation 
are preserved in the striped Hall state. The Goldstone 
theorem for the striped Hall state is proven under these 
general assumptions. 

For definite discussions, the periodic boundary con- 
dition in [X , y) space is imposed for {cx mn \P P ) and p 
is discretized as p = (2Trn x / L x , 2irn y / L y ), where n x , n y 
are integers and L x , L y are numbers of lattice sites in the 
x direction and y direction, respectively. Therefore the 
well-defined translation operators in the Hilbcrt space are 

e i1-KnvQ X lr B L % and ^n v r s Q Y /L y _ Fqt ^ str j pe( J Hall 

state, unbroken operators are Q, e l2n< ^ x / r ' L " , e ^r s Q Y 
and e l7V ® J . Then we can specify the state using the eigen- 
values of the unbroken operators as 



J27T- 



i2izr s 



H\n)=E n \n) 



J2tt- 



a i2irr 3 Q 



\n), 
y \n), 



(4.1) 



Q\n) = N e \n), 



where n > and |0) is the ground state for the striped 
Hall state. For the ground state |0), we can show that 

j2*Q<g>/r.L x = ±1 and e i2^r a Q^ = ±L We can alsQ 

show that e l7rQj \0) = ±|0) (See Appendix A). The ther- 
modynamic limit L x , L y — > oo should be taken at the 
last stage of calculations. For example, Qx is defined 
by limx.-oo ^(e**^*/^- - 1). Since Q x and Q Y 
correspond to the magnetic translation in — y and x di- 
rection respectively, the eigenvalues Qx and Qy are 
regarded as a kind of momentum in — y and x direction 
respectively. 

Let us show the Goldstone theorem for the striped Hall 
state. An exp ecta tion value for |0) of the commutation 
relations Eq. (|2.9|) for the broken charge Qy reads 



-d x (j°(r,t)) = (0\[Q Y ,f(r,t)}\0) 



(4.2) 

dr'(0|[j°(r',t'),j°(r,i)]|0) 
]T / dr'{(0| Jy (r',t')|n)(n|/(r,t)|0) 

n •> 

-/i.e.}, 



where h.c. means hermitian conjugate. The left-hand 
side of this equation is not zero and does not depend on 
time t. The right-hand side of this equation is rewritten 
by using translation operators in t and r. Note that j Y is 
transformed covariantly under the magnetic translation 
in y direction, that is, 

e i2^AyQ xj ^-QnAyQ* = £ ^ + ( 0j Azj)) (4.3) 

-Aw°(r+(Q,Ay)). 

In the x direction, we use the notation r = (N x r s + x,y), 
where N x is an integer an d < x < r. s . Using the rela- 
tion [Q,j°] = and Eqs. flO) and (O), the right-hand 



side of Eq. (4.2) is rewritten as 



n>0 



dx' 



E / — [{(0|^((x',0),0)|n)(n|j°((i,0),0)|0) (4.4) 



a i{t' -t){E n -E ) 



h.c.}8{Q% ] 



(0) 



P) 



1 

"2~TTi 

t(t'~t)(E 



{(0|j°((5',0),0)|n)(n|/((5,0),0)|0) 



(0) 
Y 



Q 



where <5j_(Qy' > — Qy') is a periodic Dirac's delta- 
function with a period l/r s . The derivative of the 
Dirac's delta-function appears in the second term. We 
assume the completeness 1 = 2nl n )( n l = 1 0) <0 1 + 
Tla I ^llo.! a ) (li a l- Here |q, a) is an excited state with 



eigenvalues Q 



(n) 



Q 



(0) 



£„ = £ + A£ Q (q), and 



species index a. Then Eq. (4.4) is rewritten as 

dr' 

— [{(0\j Y ((x', 0), 0)|0, a)(0, a\f((x, 0), 0)|0) 



3 i(i'-t)AE a (0) 



/i.e.} 



(4.5) 



-{f °)> «> (°. a b'°((*> o),o)|o> 

27T dfe 



xe 



i(t'-t)A£ Q (0) 



^•C.}q=o], 



where we use th e re lation (0|Q|q, a) = 0. The left- 
hand side of Eq. (4.2) does not depend on t and equals 
Eq. (4.5). Hence there exists the NG mode whose ex- 
citation energy A2?NG(q) goes to zero as q — > 0. Since 
the matrix elements in Eq. (4.5) must not be zero, NG 
mode |q, NG) belongs to the neutral charged sector and 
couples with the striped Hall state through the density 
operator, that is, 



(q,NG|j°|0> ^0, 



(4.6) 



in q — > 0. 

This NG mode is a phonon due to breaking of a mag- 
netic translation. NG modes (phonon)E£l also appear in 
the Wigner crystal in the absence of a magnetic field. 
In this case, the second term in Eq. ([D]) is absent. It 
would be interesting if this term is observed in the quan- 
tum Hall system. In the next section, we investigate the 
excitation spectrum using the density operator j° which 
couples with the NG mode. 
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V. NEUTRAL COLLECTIVE EXCITATIONS IN 
THE STRIPED HALL STATE 

In this section we calculate the spectrum for a neu- 
tral collective excitation at the half-filled third Landau 
level using the single mode approximation. This mathod 
was used for the Liquid Helium by Feynman firstEH and 
applied to the FQHS later .c2 The single mode approxi- 
mation is successful in the FQHS because the backfiow 
problem is absent for the electron states projected to the 
I th Landau level. 

First we define the Fourier transformed density opera- 
tor in guiding center coordinates as 



(k) = Pi J dr&(r)e ik °> x+ik v Y V(r)Pi 



(5.1) 



BZ 



d 2 p 
(2tt 



6 i t (p)6 i (p-k)e- 



,2"i 



-kx(2 Py -ky) 



Density operator p(k) is related to p*(k) as P;p(k)Pj = 
e - fc / 8 '"'Li(fc 2 /47r)/5*(k), where Li is the Laguerre poly- 
nomial. Using p*(k), ffW is written as 

H {1) = \j ^p.(k)t*(fc)p.(-k), (5.2) 

where v t (k) = e"^ l^{U{k 2 l^i)) 2 2-Kq 2 jk for the 
Coulomb potential. It is well-known that the den- 
sity operators projected to the Landau level are non- 
commutative, that is, 

[p*(k),p,(k')]=-2i S in('^^)^(k + k'). (5.3) 

Using this relation, we obtain the following commutation 
relations, 



[Q x ,Mk)]=-^V(k), 
k 

[Qy,p*(k)] = 7^;P*( k )- 
Therefore the state defined by 
|k)=p„(k)|0) 



(5.4) 



(5.5) 



is an eigenstate of e l27r< ^ x ^ r " Lx and e l27Tr sQy with eigen- 
values e j27r ^x -2^)/ r s L * and e 12 " 8 ^ respectively. 
The quantum number q for the excited state is related 
to k as ki — We use the state |k) as a neutral 

collective excitation state in the single mode approxima- 
tion. 

The variational excitation energy A(k) is written as 



A(k) = 



(k|(ffW_^)|k) _ /(k) 



(k|k) S (k) ' 

/(k) = (0|b,(-k)Jir« p.(k)]]|0>/2J\£, (5.6) 
S (k) = (0|p.(-k)p,(k)|0)/JV:. 



s(k) is the so-called static structure factor. To derive 
these expressions, we use the relation /(— k) = /(k) and 
s(— k) = s(k) due to ir rotation sym met ry. See appendix 
A. Using the commutation relation (5^2), /(k) is written 
as 



/(k) = 2 



(2n) 2 

x{s(k + k')-s(k')} 



(5.7) 



From Eq. (5.7) the variational excitation energy is calcu- 
lable if we know the stat ic structure factor s(k). Using 
the mean field state (3^) for the striped Hall state, s(k) 
becomes 



S (k) 



d 2 p 



BZ (2tt) 
x{1 - Q(pL - e HF (p y 



2 0((J,- ehfOj/)) 

k))} 



(5.8) 



8{k x + 2nN x )8{k y ) 



N x 



The first term behaves as \k y \/2'Kr s i'* at small k y and 
periodic in k y direction with a period 2nr s . The second 
term has sharp peaks at k = (2TrN x /r s , 0). These peaks 
correspond to the period for the stripe of the charge den- 
sity. This behavior in the static structure factor was 
also obtaiiied in the numerical calculation in a small 
system.E3'E!3 The numerical results for the energy spec- 
trum A for v = 2 + 1/2 are shown in Figs. 2-4. 



0.5 



0.4 



a, 0.2 



0.1 




Fig. 2. Energy spectrum A at < k x < Qit/r s for 
k y = 1, 2, 3, v = 2 + 1/2 in the single mode approxima- 
tion. Note that the spectrum remains finite at k x = for 
k y = 1. The unit of k is a -1 and the unit of spectrum is 
q 2 /a. The same units are used in Figs. 3-5. 
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Fig. 3. Energy spectrum A at < k y < 6nr s for 
k x = 0, 1, 2, = 2 + 1/2 in the single mode approxima- 
tion. The energy gap vanishes at k y = 2nN y r s and cusps 
appear at k y — ir{2N y + l)r s . 
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ky 



Fig. 4. Enlarged picture of the energy spectrum A at 
< k y < nr s for k x = 0, 1, 2, v = 2 + 1/2 in the single 
mode approximation. 



in different directions. Fig. 2 shows that the spectrum in 
k x directiep has a similarity with the collective excitation 
in FQHSEa which has an energy gap at any wave number 
and magneto-roton structure. Fig. 4 shows that the spec- 
trum in k v direction has a similarity with the collective 
excitation in Liquid Helium which has phonon and ro- 
ton spectrum. Fourth feature comes from the anisotropy 
of the Fermi sea. As seen in Fig. 1 (a), in p x direction, 
the electron state is fully filled and has an energy gap. 
Therefore the system resembles FQHS in this direction. 
In p y direction, on the other hand, there is a Fermi sur- 
face and electron state is gapless. First three features are 
understandable from comparison with the particle-hole 
excitation spectrum in the Hartree-Fock approximation. 

For the large wave number |fc| > 2n/a, it is expected 
that the excitation state becomes close to the free parti- 
cle state. In the FQHS, the neutral excitation spectrum 
becomes close to the pak creation energy for the quasi- 
particle and quasi-holeH In the striped Hall state, the 
one-particle energy is enp(p y ) in the Hartree-Fock ap- 
proximation and the free part of Hamiltonian becomes 

#hf = / — ^£ H f(p !/ )6 z + (p)6/(p). (5.10) 
Jbz k^Y 

Therefore the excitation spectrum A p h(k) for the state 
of particle-hole pair 6 ; T (p + k)6;(p)|0) is bounded as 

Aph(k) > |e H F(7w* + k y ) - ci3f(kv*)\. (5.11) 

7w* is a Fermi wave number. Lower bound of the particle- 
hole excitation spectrum for v = 2 + 1/2 is shown in 
Fig. 5. 



As predicted by the Goldstone theorem in the previ- 
ous section, the energy spectrum obtained by the single 
mode approximation is gapless at k = 0. In fact, we can 
show that A(k) behaves as 



A(k) = \k y \(Akl + Bki + 0(k 2 x k 2 y ,ki)), 



(5.9) 



at small k for a short-range potential. The reason for 
the absence of |fcj,| 3 term is that the coefficient of |fcj,| 3 
vanishes by the condition a ^ HF = at r s — r*. For the 
Coulomb pote ntia l case, the logarithmic corrections are 
added in Eq. ( |5.9|) . See appendix B. 

In addition to the gapless structure of the energy spec- 
trum at k = due to NG mode, the results obtained by 
the single mode approximation present more rich struc- 
ture. First we notice a periodic line node structure, that 
is, the energy spectrum vanishes at k y = 2nN y r s . Ex- 
cept for k x = 0, the dispersion at line node is linear. 
Second we notice that the energy spectrum has cusps at 
k y = n(2N y + l)r s . This is caused by the presence of the 
Fermi surface in the mean field state_(3.8), which pro- 
duces cusps in the first term of Eq. ( 5.8 y Third the k x 



dependence of the spectrum becomes weak at the large 
wave number. Fourth the spectrum has distinct features 
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Fig. 5. Lower bound of the particle-hole excitation 
spectrum A p h for < k y < 6nr s (solid line). The spec- 
trum vanishes at k y — TrN y r s . For comparison, the en- 
ergy spectrum A for k x — 0, v = 2 + 1/2 in the single 
mode approximation is also shown (dashed line). 

As seen in this figure the particle-hole excitation spec- 
trum vanishes and its slope divergesEj at k y — irN y r s . 
See Appendix B. This singularity is caused by the diver- 
gence of Fermi velocity denp/dpy at Fermi momentum. 
The spectrum A is smaller than A p h and close to the 
Aph near k y = 2TiN y r s for a large wave number. The 



G 



existence of the Fermi surface leads to zero of A p h at 
k y = n(2N y + l)r s , because the excitation energy for a 
hole inside the Fermi sea near the one Fermi surface and 
a particle outside the Fermi sea near the other Fermi 
surface is close to zero. The spectrum A is larger than 
Aph near k y = tt(2N v + l)r s and has cusps. Hence the 
low energy excitation is well-approximated by the A near 
k y = 2-KN y r s and by A p h near k y = ir(2N y + X)r s . In 
a usual Fermi system, the single mode approximation 
seems not to work well because of the particle-hole ex- 
citation near the Fermi surface at low energies. In the 
present case, however, the low energy excitation near the 
Fermi surface is suppressed by the divergence of Fermi 
velocity at Fermi surface. Hence the single mode approx- 
imation is expected to work well in the present system. 

At a finite k x , the spectrum is linear in k y at small k, 
which is similar to the one obtained by the hydrodynam- 
ics of quantum Hall smectics.EJ At k x = 0, however, the 
spectrum is proportional to ky, which disagrees with the 
results in the hydrodynamics of quantum Hall smectics. 
This discrepancy may be resolved by higher order cor- 
rection to the static structure factor or by modifying the 
effective Hamiltonian in the hydrodynamics. At large k, 
in which the hydrodynamic theory cannot be applied, the 
periodic line node structure is found in the single mode 
approximation for the first time. 



VI. SUMMARY 

We have studied neutral collective excitations in the 
striped Hall state. The Goldstone theorem has been 
proved in a system with the magnetic translation symme- 
try. We have obtained the neutral excitation spectrum 
in the striped Hall state using the single mode approx- 
imation. The spectrum has a new rich structure. The 
neutral collective mode includes the NG mode due to 
spontaneous breaking of magnetic translation symmetry. 
The spectrum is highly anisotropic, that is, the disper- 
sion in k x direction is similar to that of FQHS and the 
dispersion in k y is similar to that of Liquid Helium. The 
spectrum is compared with the particle-hole excitation 
spectrum. The former has line nodes with a linear disper- 
sion and the latter has line nodes with a diverging Fermi 
velocity. We hope these excitations will be observed in 
experiments for the evidence of the striped Hall state. 
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APPENDIX A: 



In this appendix, we prove the relation e l7r ® J \0) = 
±|0), /(-k) = /(k) and s(-k) = s(k) for the striped 
Hall state. As seen in Eq. ( |3.7D , the generator for rota- 
tion is a free kinetic energy in a uniform magnetic field 
in the momentum space. Therefore it is convenient to 
expand the operator &z(p) by the eigenstate of the free 
kinetic energy as 



Mp) = ^2 6 «'^'(p)) 

Z'=0 

D 2 #(p) = V + i)M P ), 

7T Z 



(Al) 



where D = (r s (i^ - f£),r s #(p) is given by 

Mp)=N l ,J2H l , { r ^ +2 ^ n + ^ ) (A2) 



/2vr 



xe 4 " 



2>l e - 



Ny is a normalization constant, Hi is the Hermite polyno- 
mial, and ipi> has a symmetry ipi>(— p) = (—1)' +1 ?/V(p). 
Using this new base, Qj reads 



Qj = Y. b u'( l + l ' + l ) bw 



(A3) 



Then we obtain the following relation, 

e^'hitfe-***' =X>' ei7r(W ' +1) V>/'(p) (A4) 
v 

= (-l)%(- P ). 

Since the Fermi sea for the striped Hall state is invariant 
under the 7r rotation, the ground state |0) is an e igen state 
f e wrQj w ith an eigenvalue 1 or —1. Using Eq. (A4), one 
can prove that 



e™ Qj p*(k)e- inQj = p*(-k), 



(A5) 



Inserting e l7T ® J and e~ l7T ® J in the definition of /(k) and 
s(k), one c an p rove that /(— k) = /(k) and s(— k) = s(k) 
using Eq. (|A5l). 
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APPENDIX B: 



In this appendix, we sho w that the anisotropic be- 
havior of A(k) in Eq. (5J3) comes from the condition 



Using the Fourier series expansion, the one-particle en- 
ergy enF(j>y) and the Hartree-Fock energy are written as 



eKFiPy) = 2^v H f(— ) — , 

n 

1 v-^ ,2im. ( sin Sn 
n v 

uhf(*0= "«(*)- / d 2 r^(27rr)e ikxr . 



(Bl) 
(B2) 



Furthermore, using Eq. (5.8), /(k) in Eq. ( p.7| ) is written 
as 



/(k)=2 £ {«hf(^/(^ + ^) 2 + ^)- V hf(^)} 

n— odd 



sin ■ 



(B3) 



At fc.,, = and small it is easy to see that the coeffi- 
cient of ky is proportional to d g™ ■ Therefore a ^ HF = 
leads to vanishing of the coefficient of fc 4 at k x = and 

0. Since s(k) is propor- 



/(k) 



behaves as |fc y | 5 



the lowest order is ky at fe^ 
tional to \k y \ at small k y , A(k) 
at fc^ = and small k y . 

Note that vhf (k) behaves as —1/k at large k for 
the Coulomb potential. Hence the slope of £hf(Pi/) at 
p y = ±7r/2 diverges logarithmically in Eq. (|Bl|). In 



Eq. (B3), the Fourier transformation of 0(k x , ky)n~' 
with respect to k y results in a term of 0(fc 2 , k y )ky log \k y \ 
Therefore the correction of 0(/c 2 , ky)\k y | 3 log 
in Eq. (5.£) for the Coulomb potential. 
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